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ABSTRACT 
Let K be a field of characteristic 0 and let (K*)  n denote the n-fold Cartesian product of K*, endowed 
with coordinatewise multiplication. Let F be a subgroup of (K*) n of finite rank. We consider equations 
(*) alXl  q- . . .  -t- anxn = 1 in x = (Xl . . . . .  Xn) 6 F, where a = (al . . . . .  an) ~ (K*)  n. Two tuples 
a, b ~ (K*)  n are called F-equivalent if there is a u c F such that b = u .  a. Gy6ry and the author 
[Compositio Math. 66 (1988) 329-354] showed that for all but finitely many P-equivalence classes 
of tuples a 6 (K*)  n, the set of solutions of (,) is contained in the union of not more than 2 (n+l)! 
proper linear subspaces of K n . Later, this was improved by the author [J. reine angew. Math. 432 (1992) 
177-217] to (n!) 2n+2. In the present paper we will show that for all but finitely many F-equivalence 
classes of tuptes of coefficients, the set of non-degenerate solutions of (*) (i.e., with non-vanishing 
subsums) is contained in the union of not more than 2 n proper linear subspaces of K n . Further we give 
an example showing that 2 n carmot be replaced by a quantity smaller than n. 
1. INTRODUCTION 
Let K be a field of  characteristic 0. Denote by (K*) n the n-fold direct product 
of  the multipl icative group K*. The group operation of  (K*) n is coordinatewise 
multiplication, i.e., i f  x = (xl . . . . .  xn), y = (yl . . . . .  y~) ~ (K*) n, then x .  y = 
(xlyl  . . . . .  XnYn). A subgroup F of  (K*) n is said to be of  finite rank i f  there 
are ul . . . . .  ur ~ F with the property that for every x ~ I" there are z 6 Z>0 and 
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Zl . . . . .  Zr 6 Z such that x z = u~ 1 ... u zr. The smallest r for which such u~ . . . . .  Ur  
exist is called the rank of F; the rank of F is equal to 0 if all elements of F have 
finite order. 
For the moment, let n = 2. We consider the equation 
(1.1) alx l+a2x2=l i nx=(x l ,x2)  6F,  
where a = (al, a2) c (K*) 2 and where F is a subgroup of (K*) 2 of finite rank r. In 
1996, Beukers and Schlickewei [2] showed that (1.1) has at most 2 s(r+2~ solutions. 
Two pairs a = (al, a2), b = (bl, b2) are called F-equivalent if there is an u 6 F 
such that b = u- a. Clearly, two Eqs. (1.1) with F-equivalent pairs of coefficients 
a have the same number of solutions. In 1988, Gyfry, Stewart, Tijdeman and the 
author [5] showed that there is a finite number of F-equivalence classes, such that 
for all tuples a = (al, a2) outside the union of these classes, Eq. (1.1) has at most 
two solutions. (In fact they considered only groups F = Us x Us where Us is the 
group of S-units in a number field, but their argument works in precisely the same 
way for the general case.) The upper bound 2 is best possible. We mention that 
this result is ineffective in that the method of proof does not allow to determine the 
exceptional equivalence classes. B6rczes [1, Lemma 3] calculated the upper bound 
2e 302°(r+2) for the number of exceptional equivalence classes. 
Now let n ~> 3. We deal with equations 
(1.2) a lx l+ ' "+anxn=l  i nx=(x l  . . . . .  xn) cF, 
where a = (al . . . . .  an) ~ (K*) n and where F is a subgroup of (K*) n of finite rank r. 
A solution x of(1.2) is called non-degenerate if 
(1.3) y~aix i#O for each non-empty subset I of { 1 . . . . .  r}. 
iEI 
It is easy to show that there are groups F such that any degenerate solution of 
(1.2) gives rise to an infinite set of solutions. Schlickewei, Schmidt and the author 
[6] showed that Eq. (1.2) has at most e (6n)3n(r+l) non-degenerate solutions. Their 
proof was based on a version of the quantitative Subspace Theorem, i.e., on the 
Thue-Siegel-Roth-Schmidt method. Recently, by a very different approach based 
on a method of Vojta and Faltings, R6mond [8] proved a general quantitative r sult 
for subvarieties oftori, which includes as a special case that for n ~> 3 Eq. (1.2) has 
at most  2 n4n2(r+l) non-degenerate solutions. 
Two tuples a, b ~ (K*) n are called Y-equivalent if b = u • a for some u 
F. Gy6ry, Stewart, Tijdeman and the author [5] showed that for every suffi- 
ciently large r, there are a subgroup F of (Q,)n of rank r, and infinitely many 
Y-equivalence classes of tuples a = (a l , . . . ,  an) 6 (Q,)n, such that Eq. (1.2) has 
at least e 2rl/z(l°gr)-l/2 non-degenerate solutions. This shows that in contrast to the 
case n = 2, for n ~> 3 there is no uniform bound C independent of F such that for all 
tuples a outside finitely many F-equivalence classes the number of non-degenerate 
solutions of (1.2) is at most C. 
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It turned out to be more natural to consider the minimal number m such that the 
set of solutions of (1.2) can be contained in the union of m proper linear subspaces 
of K n. Notice that this minimal number m does not change if a is replaced by a 
['-equivalent tuple. In 1988 Gy6ry and the author [4] showed that if K is a number 
field and P = U~, i.e., the n-fold direct product of the group of S-units in K, then 
there are finitely many F-equivalence classes C1 . . . . .  Ct such that for every tuple 
a ~ (K*) ~ \(Ca U.. .  U Ct) the set of solutions of(1.2) is contained in the union of not 
more than 2 (~+I)! proper linear subspaces of K n. This was improved by the author 
[3, Theorem 8] to (n!) 2~+2. Both the proofs of GySry and the author and that of the 
author can be extended asily to arbitrary fields K of characteristic 0 and arbitrary 
subgroups F of (K*) ~ of finite rank. 
For certain special groups F, Schlickewei and Viola [9, Corollary 2] improved 
the author's bound to (2n+1) _ n 2 _ n - 2. In fact, their result is valid for rank one 
groups F = {(~ . . . . .  c~z): z ~ Z}, where O/1 . . . . .  ~n  are non-zero elements of a field 
K of characteristic 0 such that neither Ot 1 . . . . .  13/n, nor any of the quotients Oli/Ot j 
(0 ~< i < j ~< n) is a root of unity. 
In the present paper we deduce a further improvement for the general equa- 
tion (1.2). 
Theorem. Let K be afield of  characteristic O,let n ~ 3, and let F be a subgroup of  
( K*) ~ of  finite rank. Then there are finitely many F-equivalence classes Cli . . . .  Ct 
of  tuples in ( K*) ~, such that for every a = (al . . . . .  an) E ( K*)n\ ( C1 U . . . U Ct ), the 
set of  non-degenerate solutions of  
(1.2) alXl + ' "+anxn= l inx=(x l  . . . . .  Xn) eF  
is contained in the union of  not more than 2 n proper linear subspaces of  K n. 
We mention that the set of degenerate solutions of(1.2) is contained in the union 
of at most 2 n - n - 2 proper linear subspaces of K n, each defined by a vanishing 
subsum ~i6I  aixi = 0 where I is a subset of {1 . . . . .  n} of cardinality 7~ 0, 1, n. So 
for a ~ C1 U ... u Ct, the set of (either degenerate or non-degenerate) solutions of 
(1.2) is contained in the union of at most 2 n+l - n - 2 proper linear subspaces of 
K n" 
Our main tool is a qualitative finiteness result due to Laurent [7] for the number 
of non-degenerate solutions in r of a system of polynomial equations (or rather for 
the number of non-degenerate points in X N F where X is an algebraic subvariety 
of the n-dimensional linear toms). Recently, R6mond [8] established for K = Q an 
explicit upper bound for the number of these non-degenerate solutions. Using the 
latter, it is possible to compute a (very large) explicit upper bound for the number 
t of exceptional equivalence classes, depending on n and the rank r of F. We have 
not worked this out. 
In Section 2 we recall Laurent's result. In Section 3 we prove our Theorem. In 
Section 4 we give an example showing that our bound 2 n cannot be improved to a 
quantity smaller than n. 
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2. POLYNOMIAL EQUATIONS 
Let as before K be a field of  characteristic 0, let n ~> 2, and let f l  . . . . .  fR 
K[X1 . . . . .  Xn] be non-zero polynomials. Further, let 1-' be a subgroup of  (K*) ~ 
of  finite rank. We consider the system of  equations 
(2.1)  j~(Xl . . . . .  Xn)=0 ( i=1 . . . . .  R) inx=(x i  . . . . .  xn) er ' .  
Let )~ be an auxiliary variable. A solution x = (Xl . . . . .  xn) of  system (2.1) is called 
degenerate i f there are integers Cl . . . . .  cn with gcd(c~ . . . . .  cn) = 1 such that 
(2.2) fi ()~clxl . . . . .  )fnXn) = 0 identically in )~ for i = 1 . . . . .  R 
(meaning that by 
powers of  )~, all 
non-degenerate. 
expanding the expressions, we get linear combinations of  different 
of  whose coefficients are 0). Otherwise, the solution x is called 
Proposit ion 2.1. System (2.1) has only finitely many non-degenerate solutions. 
Proof. Without loss of  generality we may assume that K is algebraically closed. 
Let X denote the set of  points x ~ (K*) n with J~ (x) = 0 for i = 1 . . . . .  R. By a result 
of  Laurent [7, Th6or6me 2], the set of  solutions x ~ F of  (2.1) is contained in the 
union of  finitely many "families" xH = {x- y: y c H}, where x ~ F and where H is 
an irreducible algebraic subgroup of  (K*)" such that xH C X. 
Consider a family xH with x ~ F, xH C X, dim H > 0. Pick a one-dimen- 
sional irreducible algebraic group H0 C H.  There are integers Cl . . . . .  c~ with 
gcd(cl . . . . .  Cn) -- 1 such that /40 = {0 ~q . . . . .  )~cn): )~ c K*}. Then xH0 = 
{(x0U0 . . . . .  x~)~cn): )~ E K*} C xH C X, and the latter implies (2.2). Conversely, 
i f  x satisfies (2.2) then xH0 C X. Therefore, the solutions of  (2.1) contained in 
families x/ - /with dim H > 0 are precisely the degenerate solutions of  (2.1). Each 
of  the remaining families xH,  i.e., with d im/ - /=  0 consists of  a single solution 
x since H = {(1 . . . . .  1)}. It follows that system (2.1) has at most finitely many 
non-degenerate solutions. [] 
3. PROOF OF THE THEOREM 
Let again K be a field of characteristic 0, let n ~> 3, and let F a subgroup of  (K*) n 
of  finite rank. Further, let a = (al . . . . .  an) ~ ( K*) ~. We deal with 
(1.2) alXl + . . "  + anXn = 1 in x = (Xl . . . . .  xn) c I'. 
1 For K = Q, R6mond [8, Theorem 1] showed that the set of solutions of  (2.1) is contained in the 
union of at most (rid) n3m3m2(r+l) families xH, where r is the rank of I', X has dimension m, and where 
each polynomial fi has total degree ~< d. Probably his result can be extended to arbitrary fields K of 
characteristic 0 by means of a specialization argument. 
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Assume that (1.2) has a non-degenerate solution. By replacing a by a F-equivalent 
tuple we may assume that 1 = (1 . . . . .  1) is a non-degenerate solution of (1.2). This 
means that 
(3.1) a l+. . .+an=l ,  
~i~I  ai 5~ 0 for each non-empty subset I of {1 . . . . .  n}. 
We will show that there is a finite set of tuples a with (3.1) such that for each 
a ~ (K*) n outside this set, the set of non-degenerate solutions of (1.2) is contained 
in the union of not more than 2 n proper linear subspaces of K n. This clearly suffices 
to prove our Theorem. 
By the result of Schlickewei, Schmidt and the author or that of R6mond 
mentioned in Section 1, there is a finite bound N independent of a such that 
Eq. (1.2) has at most N non-degenerate solutions. (In fact, already Gy6ry and the 
author [4] proved the existence of such a bound but their method id not allow to 
compute it explicitly.) 
For every tuple a with (3.1), we make a sequence xl = 1, X2 ~-- (X21  . . . . .  
xzn) . . . . .  XN = (XN1 . . . . .  XUn) such that each term xi is a non-degenerate solution 
of (1.2) and such that each non-degenerate solution of (1.2) occurs at least once in 
the sequence. Then 
(3.2) rank 
1 ..- 1 1 )  
X21 • " ' X2n 1 
~<n 
\XN 1 . . .  XN, n 1 
since the matrix has n + 1 linearly dependent columns. Relation (3.2) means that 
the determinants of all (n + 1) x (n + 1)-submatrices of the matrix on the left-hand 
side are 0. Thus, we may view (3.2) as a system of polynomial equations of the 
shape (2.1), to be solved in (x2 . . . . .  XN) C F N-1 . It is important to notice that this 
system is independent of a. 
The tuples a with (3.1) are now divided into three classes: 
Class I consists of those tuples a such that rank{l, x2 . . . . .  XN} ---- n and such that 
(x2 . . . . .  xN) is a non-degenerate solution in F N-1 of system (3.2). 
Class I I  consists of those tuples a such that rank{l, x2 . . . . .  XN} < n. 
Class IH consists of those tuples a such that (x2 . . . . .  XN) is a degenerate solution 
in F N-1 of system (3.2). 
First let a be a tuple of Class I. By Proposition 2.1, (x2 . . . . .  XN) belongs to 
a finite set which is independent of a. Now a = (al . . . . .  an) is a solution of the 
system of linear equations al + ' - "  + an = 1, xi lal  + ' "  + xinan = 1 (i = 2 . . . . .  N).  
Since by assumption, rank{l, x2 . . . .  , XN} = n, the tuple a is uniquely determined 
by xa . . . . .  XN. So Class I is finite. 
For tuples a from Class II, all non-degenerate solutions of (1.2) lie in a single 
proper linear subspace of K n. 
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Now let a be from Class III. In view of  (2.2) this means that there are integers 
cij (i = 2 . . . . .  N ,  j = 1 . . . . .  n), with gcd(cij: i = 2 . . . . .  N, j = 1 . . . . .  n) = 1, such 
that 
rank 
1 .-- 1 1 \  
J 
)vC21x21 • • - ~C2nx2n 1 
~<n 
)vCN, IxN , I  • • • )vCN,nXN,n l 
identically in ~v, meaning that the determinants of  the (n + 1) x (n + 1)-submatrices 
of  the left-hand side are identically zero in )v. 
This implies that there are rational functions b j ()v) E K (~.) ( j  = 0 . . . . .  n ), not all 
equal to 0, such that 
(3.3) 
n n 
Zbj (~. )  = bo()v), ~--~bj()~)~.CiJxij =bo(~.) (i =2  . . . . .  N) .  
j= l  j= l  
By clearing denominators, we may assume that b0 (~v) . . . . .  bn (~.) are polynomials in 
K[)q without a common zero. 
We substitute )v = -1 .  Put bj := b j ( -1 )  (j =0  . . . . .  n) and 8ij := ( - -1)  cij (i = 
2 . . . . .  N, j = l . . . . .  n). Then (b0 . . . . .  bn) # (0 . . . . .  0), and the numbers eij are not 
all equal to 1 since the integers cij are not all even. Further, by (3.3) we have 
(3.4) 
bl + . .  "+bn =b0,  
blSilXi l  + ' " + bnsinXin = bo for i = 2 , . . . ,  N. 
We claim that for each tuple (el . . . . .  En) c { -  1, 1}n, the tuple (b181 . . . . .  bnen, bo) 
is not proportional to (al . . . . .  an, 1). Assuming this to be true, it follows from (3.4) 
that the set of  non-degenerate solutions of(1.2) is contained in the union of  at most 
2 n proper linear subspaces of  K n, each given by 
bo a jx j  --  b j s jx j  = 0 
j= l  
for certain ej ~ {-1,  1} (j  = 1 . . . . .  n). 
We prove our claim. First suppose that the tuple (bl . . . . .  bn, bo) is proportional to 
(al . . . . .  an, 1). There are i 6 {2 . . . . .  N}, j 6 {1 . . . . .  n} such that 8ij = -1 .  Now xi 
n satisfies both ~ j= l  ajx i j  = 1 (since it is a solution of (1.2)) and ~=1 ajs i jx i j  = 1 
(by (3.4)). But then by subtracting we obtain Y~.jcJ ajx i j  = O, where J is the set of  
indices j with gij = - -  1. This is impossible since xi is a non-degenerate solution of  
(1.2). 
Now suppose that (blel . . . . .  b,~en, bo) is proportional to (al . . . . .  an, 1) for certain 
n a ej ~ {-1,  1}, not all equal to 1. Then by (3.1) and (3.4) we have ~ j= l  J = 1, 
~=1 a je j  = 1. Again by subtracting, we obtain ~je J  aj = 0 where J is the set of  
indices j with ej = -1  and this is contradictory to (3.1). This proves our claim. 
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Summarizing, we have proved that Class I is finite, that for every a in Class II, all 
non-degenerate solutions of (1.2) lie in a single proper linear subspace of K ~, and 
that for every a in Class III, the non-degenerate solutions of(1.2) lie in the union of 
2 n proper linear subspaces of K ". Our Theorem follows. 
4. EQUATIONS WHOSE SOLUTIONS LIE IN MANY SUBSPACES 
We give an example of a group F with the property that there are infinitely 
many F-equivalence classes oftuples a = (as . . . . .  a~) ~ (K*) n such that the set of 
non-degenerate solutions of (1.2) cannot be covered by fewer than n proper linear 
subspaces of K ~. 
Let K be a field of characteristic 0, let n ~> 2, and let F1 be an infinite subgroup 
of K* of finite rank. Take F := F~ = {x = (Xl . . . . .  xn): xi ~ F1 for i = 1 . . . . .  n}. 
Then F is a subgroup of (K*) n of finite rank. 
Pick u = (ul . . . . .  u.) ~ F with b := Ul + . . .  + u~ ~ 0 and with ~i~i  ui ¢ 0 for 
each non-empty subset I of {1 . . . . .  n}. Let & denote the group of permutations 
of {1 . . . . .  n}. For cr ~ & write u~ := (u~(1) . . . . .  u~(~)). Then u~ (or ~ &) are non- 
degenerate solutions of 
(4.1) b- lx l+ . . .+b- lx~=l  i nxEF .  
For i = 1 . . . . .  n, the points u~ with o'(n) = i lie in the subspace given by
Ui (X l@' ' ' - I -Xn-1)  - -  (b - u i )xn=O.  
Therefore, for fixed u, the set {ua: ~r s &} can be covered by n proper linear 
subspaces. We show that for "sufficiently general" u, this set cannot be covered 
by fewer than n proper linear subspaces. 
We need some auxiliary results. 
Lemma 4.1. Let n ~ 2 and let S be a subset o f&  o f  cardinality > (n - 1)!. Then 
there are ~1 . . . . .  crn ~ S such that the polynomial 
(4.2) Fa l  ..... 6"n (X1  . . . . .  Xn)  :~-- 
X~rl(1) "'" X~ l(n) 
Xcr2(1). " . . Xcrz(n) 
I Xo, o) .. .  X,~,<n) 
is not identically zero. 
Proof. We proceed by induction on n. For n = 2 the lemma is trivial. Assume that 
n~>3. 
First assume there are i, j c {1 . . . . .  n} such that the set Sij = {er ~ S: er(i) = j} 
has cardinality > (n - 2)!. Then after a suitable permutation of the columns of the 
determinant of (4.2) and a permutation of the variables X1 . . . . .  X, ,  we obtain that 
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Snn has cardinality > (n - 2) !. The elements of  Sn, permute 1 . . . . .  n - 1. Therefore, 
by the induction hypothesis, there are 0-a . . . . .  a , -1 6 Snn such that the polynomial 
Xo-1 (1) . . -  Xo-1 (n_l)  
G(X1 . . . . .  X~-I) := : 
Xa~_~(1) ... X~n_~(n-1 ) 
is not identically zero. Since Snn has cardinality ~< (n - 1)!, there is a 0-, 6 S with 
an (n) = k ¢ n. Therefore, 
Fa 1 ..... ~n (X1 . . . . .  X . - I ,  O) = -4-Xk • G(X1 . . . . .  Xn -1)  50 .  
So in particular, Fa a ..... an is not identically zero. 
Now suppose that for each pair i, j c {1 . . . . .  n} the set Sij has cardinality ~< 
(n -2 ) ! .  Together with our assumption that S has cardinality > (n - 1)!, this implies 
that Sij ~ 0 for i, j e {1 . . . . .  n}. Thus, we may pick al 6 S with o-1(1) = 1, a2 e S 
with 0-2(2) = 1 . . . . .  0-n E S with 0-,(n) = 1. Then F~ 1 ..... ~n(1,0 . . . . .  0) = 1, hence 
F~I ..... on is not identically zero. [] 
Let T denote the collection of  tuples (0-1 . . . . .  o-n) in Sn for which F~ 1 ..... ~n is 
not identically 0. Let B be the set of  numbers of  the shape Ul + ...  + Un where 
u = (Ul . . . . .  u.) runs through all tuples in F = F~ with 
(4.3) { ~iex ui ~ 0 for each I _c {1 . . . . .  n} with I ¢ 0; 
fo-  1 ..... O-n(Ul . . . . .  b/n) 50 foreach (al . . . . .  an) c T. 
In particular (taking I = {1 . . . . .  n}), each b c B is non-zero. 
Two numbers bl, b2 c K* are called Fl-equivalent if bt/b2 c F1. 
Lemma 4.2. The set B is not contained in the union of finitely many Fl-equi- 
valence classes. 
Proof. First suppose that B ¢ 0. Assume that B is contained in the union of  finitely 
many Fl-equivalence classes. Let bl . . . . .  bt be representatives for these classes. 
Then for every u = (ul . . . . .  un) 617 with (4.3) there are bi E {bl . . . . .  bt} and u ~ F1 
such that 
Ul + "'" + Un = b iu .  
Hence for given hi, (Ul/U . . . . .  Un/U) is a non-degenerate solution of  
Xl+. . .Wxn=bi  i nx=(xs  . . . . .  x,) ~ F. 
Each such equation has only finitely many non-degenerate solutions. Therefore, for 
each bi there are only finitely many possibilities for (ul/u . . . . .  u, /u) ,  hence only 
finitely many possibilities for Ul/U2. So if (ul . . . . .  u,) runs through all tuples in F 
with (4.3), then ul/u2 runs through a finite set, U, say. 
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Now let F be the product of  the polynomials Fal  ..... an ((or1 . . . . .  an) • T) ,  ZiE1 Xi 
(1 c {1 . . . . .  n}, I ~ 0) and X1 - uX2 (u • U). Then F(u l  . . . . .  u,) = 0 for every 
u 1 . . . . .  u~ • I?1. But since I'l is infinite, this implies that F is identically zero. Thus, 
if we assume that B 5~ 0 and that Lemma 4.2 is false we obtain a contradiction. 
The assumption B = 0 leads to a contradiction in a similar manner, taking for 
F the product of  the polynomials Fal ..... an (((71 . . . . .  (rn) • T) ,  ZiEI  Xi ( I  C__ 
{1 . . . . .  n}, I#0) .  [] 
Lemma 4.2 implies that the collection of  tuples (b -1 . . . . .  b -1) (n times) with 
b 6 B is not contained in the union of  finitely many I,-equivalence classes. We 
show that for every b c B, the set of  non-degenerate solutions of  (4.1) cannot be 
covered by fewer than  proper linear subspaces of  K n. 
Choose b 6 B, and choose u = (Ul . . . . .  Un) E I" with Ul +""  + Un = b and with 
(4.3). Then each vector ua (or 6 S~) is a non-degenerate solution of(4.1). 
We claim that a proper linear subspace of  K n cannot contain more than (n - 1)! 
vectors ua (o" e Sn). For suppose some linear subspace L of  K n contains more 
than (n - 1)! vectors ua. Then by Lemma 4.1, there are o-1 . . . . .  o-n 6 S~ such that 
u,ri • L for i = 1 . . . . .  n and such that Fa~ ..... an is not identically 0. But since u 
satisfies (4.3), we have F~ ..... an (u) 7~ 0. Therefore, the vectors Uol . . . . .  uan are 
linearly independent. Hence L = K ". 
Our claim shows that at least n proper linear subspaces of  K n are needed to cover 
the set ua (or e S~). Therefore, the set of  non-degenerate solutions of  (4.1) cannot 
lie in the union of  fewer than n proper linear subspaces. 
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